Using the concept of impulse in control volume (CV) analysis, we derive a new equation for steady wind turbine thrust in a constant, spatially uniform wind. This equation contains the circumferential velocity and tip speed ratio. We determine the conditions under which the new equation reduces to the standard equation involving only the axial velocity. A major advantage of an impulse formulation is that it removes the pressure and introduces the vorticity, allowing the equation to be used unambiguously immediately behind the blades. Using two CVs with this downwind end -one rotating with the blades, 5 and one stationary -highlights different aspects of the analysis. We assume that the vorticity is frozen relative to an observer rotating with the blades, so the vortex lines follow the local streamlines in the rotating frame and vorticity does not appear explicitly in the impulse equation for force. In the stationary frame, streamlines and vortex lines intersect, and one of the thrust terms can be interpreted as the effect of wake rotation. The impulse analysis also shows the significance of the radial velocity in wind turbine aerodynamics. By assuming both the radial and axial velocities are continuous through the rotor disk, their con-10 tributions to the final thrust expression cancel to leave an expression dependent on azimuthal velocity alone. The final integral equation for thrust can be viewed as a generalization of the Kutta-Joukowsky theorem for the rotor forces. We give a proof, for the first time, for the conditions under which the Kutta-Joukowsky equations apply. The analysis is then extended to the blade elements comprising the rotor. The new formulation gives a very simple, exact equation for blade element thrust which is the major contribution of this study. By removing the pressure partly through the kinetic energy contribution of the radial 15 velocity, the new equation circumvents the long-standing concern over the role the pressure forces acting on the expanding annular streamtube intersecting each blade element. It is shown that the necessary condition for blade-element independence of the conventional thrust equation -that which involves the axial induction factor -is the constancy of the vortex pitch in the wake.
It has long been recognized that some aspects of BET need improvement. The main example is the failure of the equations in the high thrust region where the thrust coefficient, C T = T /( 1 2 ρU 2 πR 2 ), exceeds unity. T is the rotor thrust, ρ is the density of air, U the wind speed, and R is the blade radius. Part of the reason for the high thrust anomoly may well be the form of the equation for T . It is usually derived by assuming that the gauge pressure in the far-wake is zero, the flow is circumferentially uniform, and the vorticity crossing the CV boundary is not significant. The work described in this paper is part of a longer-term project 30 to address these assumptions using an equation for T derived from an impulse formulation for aerodynamic force. Impulse removes the pressure and introduces vorticity. This allows, for example, the impulse equation to be used in the immediate vicinity of the blades and provides a thrust equation of different form to the conventional one. Because of this, and the fact that most wind energy researchers are unlikely to be familiar with impulse methods, we concentrate in this paper on the derivation of the thrust equation. 35 Impulse methods have been used to remove the pressure from force balances in fluid mechanics since their introduction by Thomson (1882) to determine the speed of a vortex ring. In their review, Wu et al. (2015) recount that exact impulsebased expressions for aerodynamic force were derived independently by Burgers (1921) , Wu (1981) and Lighthill (1986) .
Discussions of impulse formulations can also be found in Lamb (1932) , Batchelor (1967) , and Saffman (1992) . They have recently gained popularity for use with planar or volume meaurements of fluid velocities (but not pressure) from particle 40 image velocimetry and related techniques, e.g. Rival & van Oudheusden (2017) and Limacher et al. (2018) . For example, Limacher et al. (2019a) tested an impulse equation for thrust against measurements of an impulsively started circular cylinder using PIV data, and this method was then compared by Limacher et al. (2019b) to a momentum-based formulation. The "vortical impulse" of a flow is the volume integral of the cross product of the position and vorticity vectors. This study uses the formulation of Noca et al. (1997) which is developed in detail by Noca (1997) ; we recommend the latter to any reader 45 interested in details. Derivation of the impulse formulation begins with the conventional application of the Reynolds transport theorem to the momentum equation, the application of the so-called "impulse-momentum" identity to replace momentum with vortical impulse (Equation (3.1) of Noca (1997) ), and proceeds by removing the pressure using the Euler or Navier-Stokes equations.
Using impulse, we derive the thrust equation for a wind turbine rotating steadily at a tip speed ratio, λ, defined as the ratio 50 of the circumferential velocity of the blade tips to the wind speed. The latter velocity will be used to normalize all velocities.
All lengths are normalized by R. Two CVs will be used: the first rotates with the blades, as this unambiguously makes the flow steady, and the second is stationary. We will use cylindrical CVs whose upwind face is well ahead of the blades and whose radius, R CV , is such that R CV 1. This ensures that the streamwise velocity along the surface at R CV is equal to the wind speed. Reassuringly, the resulting equations from the two CVs are identical. Part of the reason to include the more 55 complex analysis for a rotating CV is our future intention to analyze unsteady wind turbine aerodynamics, which is probably best formulated in co-ordinates fixed to the rotating blades. Readers who are interested in the results, rather than the details of the derivations, can jump to the identical equations, (19) and (29).
For this analysis, we assume that the forces acting on the blades and blade elements are generated entirely by vorticity. In other words, we ignore any radial vorticity in the wake resulting from viscous drag. Further, if the circumferential extent of the blade 60 wakes is significant, then the axial velocity will not be continuous across the rotor. The impulse analysis can be extended to this case but that would make a complex introductory description even more complex. In stationary cylindrical polar co-ordinates (x, θ, z) , where x is the radius, θ is in the circumferential direction, and z the axial co-ordinate, the velocities sufficiently far upwind of the rotor are (0, 0, 1). Immediately ahead of the rotor they are (v, 0, 1 − a), where a is the standard axial induction factor, and v is the radial velocity through the rotor. Immediately behind the rotor, the velocities are (v, 2w, 1 − a), where w is the velocity induced at the blades by the wake. When the polar co-ordinates are attached to the blades rotating at λ, the corresponding velocities are(0, λx, 1) well upwind, (v, λx, 1 − a) immediately upwind of the rotor, and (v, u θ , 1 − a) = (v, 2w + λx, 1 − a) downwind. The components of vorticity are (0, Ω θ , Ω z ) = (0, Ωx/ p 2 + x 2 , Ωp/ p 2 + x 2 ) in absolute co-ordinates, where p is the vortex pitch. In rotating co-ordinates, the components are (0, Ωx/ p 2 + x 2 , Ωp/ p 2 + x 2 − 2λ).
In contrast, the velocities of the trailing helical vortices that comprise the wake are (v, 2w + λx, 1 − a) in a stationary CV and
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(v, 2w, 1 − a) in a rotating one.
Impulse equations are derived from conventional CV analysis based on the Reynolds transport theorem. For an inertial CV in an incompressible fluid, the equation for force, F, is given in all fluid mechanics texts and by Noca's (1997) Equation (3.36):
where t is time, and U is the velocity vector. V indicates the CV, and S the CV surface. n is the outward facing normal on S,
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I is the unit tensor, P is the pressure, and the next term gives the conventional momentum deficit (MD) when the equation is used to determine thrust. T is the viscous stress tensor. By removing P using the Navier-Stokes equations, Noca obtained his Equations (3.55) and (3.56), which we combine as
where N = 3 (for our analysis) is the dimension, Ω Ω Ω is the vorticity vector, and 1 2 U 2 = 1 2 U · U is the kinetic energy per unit mass. In common with other CV analyses of wind turbines, all terms in T will be ignored. Note that the conventional MD term appears in both (1) and (2). Of major importance for wind turbine aerodynamics is that the removal of P introduces the vorticity. For unsteady flow, the first term on the right is the time derivative of the impulse. This term will vanish for the steady flows analyzed here. We will, however, continue to describe our analysis as an "impulse" one because it follows the 85 same general path, and because, though not immediately obvious, the remaining terms are related to the impulse in the domain outside of V (Wu et al. (2015) , Kang et al. (2017) ). The two vortex efflux terms may be non-zero in both steady and unsteady flow.
The steady version of (2) is applied in the next section to a CV rotating with the blades, and, in the subsequent section, to a stationary CV. Angular momentum and angular impulse are discussion in section 4, and then the consequences of the present 90 impulse analysis for BET are discussed in section 5. Finally, our conclusions are presented in section 6.
The Impulse Equation for Thrust in Steady Rotating Co-ordinates
The cylindrical CV of radius R CV begins sufficiently far from the rotor that no influence of the rotor occurs on the inlet face.
The downwind exit face is somewhere behind the rotor. Because the CV is rotating, Equation (2) requires modification to be expressed in terms of velocities and vorticities evaluated in the frame of reference fixed to the rotor, U and Ω , respectively.
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The momentum integral in equation (1) is replaced by
In Noca's derivation of Equation (2) from (1), the pressure, P , was removed by using the Navier-Stokes equations in the form of his Equation (3.44):
For a steadily rotating CV, (4) becomes
as given, for example, by Equation (3.2.10) of Batchelor (1967) . Λ is the rotation vector; for steady rotation; Λ = λe z where e z is the unit vector in the z−direction. Clearly, the Coriolis term is the penultimate one and the last is the centrifugal. These have now to be included in (2). The right side of Equation (4) appears explicitly in the second term of Noca's (3.49) as
which means that, in addition to swapping U for U and Ω and Ω in (2), use of a noninertial CV requires the extra terms
The general form of the impulse formulation in a steadily rotating frame of reference thus becomes
Henceforth, viscous stresses on S will be neglected, eliminating the second line of Equation (8), as we expect them to be no more important for rotating than stationary wakes. It is assumed that the vortical wake appears stationary relative to the 115 rotating blades, such that the time derivative of impulse -the first integral on the right-hand side of (8) -vanishes. The
Coriolis force can only have radial and circumferential components and the centrifugal force is radial. The radial components cannot contribute to an axial (or indeed to a circumferential) force, and thus the volume integrals of the pseudo-forces on the third line of (8) do not contribute to T = e z ·F. The axial component of the centrifugal contribution to the pseudo-force surface integral on the fourth line of (8) also vanishes by symmetry, and the remaining Coriolis term can be evaluated using the vector
With S D denoting the downwind face of the CV, the net contribution, which lies in the axial direction, is
because the term involving λ 2 x 2 will be equal and opposite at the upwind and downwind faces of the CV.
Thus the reduced form of Equation (8) is
Equation (10) is now applied to a CV rotating at the same λ as the rotor. The MD term is the conventional one, derived in any textbook on wind turbine aerodynamics:
where S D denotes the downwind face of the CV. The axial velocity contributes to the second (kinetic energy) term an amount
Equations (11) and (12) can be combined to give The kinetic energy has a contribution from the radial velocity:
135 and the circumferential velocity:
It will be assumed that w = 0 outside the wake. The radial velocity exiting the horizontal face of the CV at R CV does not contribute to the kinetic energy because v(R CV ) ∼ 1/R CV so the integral of v 2 over the cylindrical face can be made arbitrarily small by making R CV sufficiently large.
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The vortex terms are better expressed in the inertial frame, Ω = Ω + 2Λ, because non-zero values of Ω Ω Ω indicate fluid elements that have experienced viscous shear, whereas the apparent vorticity Ω Ω Ω has no such physical interpretation. The vortex terms are equivalently expressed as
For the vortical wake to appear stationary in the rotating frame, Ω must be parallel to U everywhere that vorticity is non-zero 145 -that is, vortex lines and streamlines are aligned in the rotating frame -by which n · Ω Ω Ω(x × U ) = n · U (x × Ω Ω Ω) and the two integrals in square brackets identically cancel, leaving only
for T . Combining these results leads to
Curiously, three integrals with the integrand 2λwx have arisen from three different origins: the kinetic energy term and the vortex terms each yield the same integral in the positive sense, and the Coriolis terms lends an equal and opposite contribution.
The choice of which two to cancel is arbitrary, but either choice leads to the final equation:
3 The Impulse Equation for Thrust in Stationary Co-ordinates 155 Within an absolute frame of reference, one can likewise arrive at Equation (19). The time derivative of the impulse integral in (2) does not necessarily vanish identically as it did in the rotating frame, but its thrust contribution does; since the vortical wake rotates with the blades, the magnitude of the impulse integral cannot change, and its time derivative reduces to
whose thrust contribution vanishes due to the parallelism of Λ and e z . The axial components of the remaining terms in Equation
160
(2) reduce to
where all velocities and vorticities are expressed relative to an inertial frame. As already stated, the vortex lines coincide with streamlines in the rotating frame of reference, yielding the relationships
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where p is the vortex pitch. Thus, the vortex terms can be rewritten as
The terms in the square brackets of the first integrand cancel by Equation (22). The vortex terms thus reduce to the remaining term in (23), which can be interpreted as a thrust due to wake rotation. We now proceed to manipulate this term so as to recover
Equation (19). Substituting dS = xdxdθ into the previous expression, the term becomes
The streamwise vorticity in polar coordinates is
When substituted into (24), the contribution of ∂v/∂θ vanishes:
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The vortex terms thus become 
After integrating the first term by parts, and assuming wx 3 → 0 as x → ∞, the whole expression becomes
which is identical to Equation (19).
Angular Momentum and Angular Impulse
The other dynamic conservation equation applied in conventional CV analysis of wind turbines is for angular momentum. In general vector form, this is expressed as
where V m is a material volume, and τ τ τ = τ e z is the torque on the rotor. Assuming the velocity field in the CV to be stationary relative to the blades, the axial component of the first integral vanishes, as previously shown for the impulse derivative term using Equation (20). Equation (31) for the rotor torque then gives the conventional result:
Angular momentum conservation can also be expressed in terms of angular impulse, but, as we will briefly demonstrate, this formulation is unnecessarily complicated. Since the standard angular momentum CV analysis permits the CV exit to be placed directly behind the rotor (due to the absence of a pressure contribution to torque), invoking impulse is of no benefit.
The identity relating angular momentum to angular impulse, given in Equation ( 
where S m is the boundary of the material volume, and the first term on the right-hand side is the time derivative of angular impulse. It is tempting to assume that the last integral will vanish, and that the integral on the right-hand side of Equation (30) can be replaced by the derivative of angular impulse, expressing the torque in terms of the trailing vorticity crossing S D .
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Substitution of the Navier-Stokes equation for the material derivative of U in the last integral of (33) will yield an integrand of the form |x| 2 n × ∇ ∇ ∇P , whose integral will vanish on the closed contour of an axisymmetric CV, and viscous effects can be neglected as before. Deformation of the material surface, however, gives rise to derivatives of |x| 2 and n that do not vanish in general. In the special case that axial velocity is constant on the downstream face S D , the second integral does vanish and Equation (32) can be recovered from the angular impulse term after integration by parts. However, the assumption of constant axial velocity on S D was unnecessary in the standard angular momentum approach, and we thus find that the concept of angular impulse has not enriched the analysis.
Impulse and Blade Element Theory
If the downwind face of the CV is moved to be just ahead of the rotor, T in Equation (19) becomes zero as does the last term involving w, Taylor (1921) . Thus
For any actuator disk, Equation (34) implies that the magnitude of v and a must be equal over at least some of the wake. More specifically, it can be shown that the integral over the wake is negative and positive over the external flow, where v > a. As a likely consequence, v ≈ a at the edge of the wake, as shown by Figure 15 (2016) . This implies a significant radial deflection of the streamlines in the tip region as they pass through the rotor, but we 215 are unaware of any study of the effect of this "crossflow" on blade element forces. Simple expressions for crossflow alterations to airfoil lift and drag are developed by Hodara & Smith (2014) . For a turbine with a finite number of blades, the situation is more complex. The early near-wake measurements of Ebert & Wood (2001) and the recent ones of Eriksen & Krogstad (2017) show large positive and negative values of v(θ) particularly in the tip region. The circumferential average v or the value at the blades, can, therefore, be small while the average of v 2 can be significant.
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Assuming that a and v are continuous through the rotor, Equation (34) applies when the CV face is moved immediately behind the rotor so that
To determine the blade element version of (35), we consider two variants of an annular CV with lateral surfaces coinciding with mean streamsurfaces: one with the downstream face just upwind of the rotor (V 1 ), and one with it just downwind (V 2 ). In 225 the former case, the flow everywhere in the control volume and on the bounding control surface (S 1 ) is irrotational, and since there is no body enclosed by this CV, we obtain S1 n · 1 2 U 2 I − UU dS = 0.
Assuming the radial and axial velocities are continuous across the rotor, their contribution to the same integrand over S 2 also vanishes, yielding a thrust contribution dependent on azimuthal velocity alone:
where S D2 is the downstream face of V 2 . Since the trailing vortices pierce S D2 , the vortex terms contribute 2λwx to the integrand of the thrust integral, as in equations (19) and (29), to give the expression for the thrust on a blade element as
An equivalent result to Equation (38) was obtained by Sørensen (2016) in the context of generalized momentum theory. In 235 the derivation of his Equation (4.6), velocities are evaluated in the rotating frame of reference, and the Bernoulli constant, as evaluated in this frame, is assumed continuous across the rotor. Although his approach is difficult to justify, the more rigorous derivation presented here affirms his result. It is also worth emphasizing that Equation (38) is valid for azimuthally non-uniform flows.
Equation (38) is the most important result in this paper because it shows that there is no contribution from the pressure to 240 dT /dx. It was argued by Goorjian (1972) , and many subsequent authors, e.g, Sørensen (2016) , that the standard blade element momentum balance is "invalid" because it lacks a pressure term arising from the expansion of the streamtubes. The exact impulse form of the blade element thrust equation has nothing equivalent to a pressure term, and thus does not suffer the limitation of the conventionally derived thrust equation. The present result does not imply the general independence of blade elements in the manner usually assumed in BET; any variation in pitch (p) across the wake means that the axial velocity 245 at blade element position x BE is determined partly by the vortex structure for x > x BE , and not solely by the local thrust contribution. The reason is that the average u within a helical vortex is proportional to 1/p, Kawada, (1936) , Hardin (1982) , and thus blade element independence requires p to be constant across the wake. In the Appendix, we provide an alternative derivation of Equation (38) which gives further information on the role of the pressure on the expanding annular streamtubes.
If the velocities behind the blades are due entirely to the bound vorticity of the blades and the trailing vorticity, with viscous 250 traction on the blade having little effect on the trailing vorticity field, then (35) can, in some circumstances, be written as
where N is the number of blades and Γ BE is the bound circulation of the blade element. Equation (39) requires at least two conditions to be valid. The first is that the blade elements behave equally, i.e. Γ BE is the same for all elements. Second, the circumferential average of w 2 must equal the square of the circumferential average of w which becomes true as N → ∞. Al-255 ternatively, if λx w any circumferential non-uniformity in w becomes relatively small. This occurs for the power producing region of the blades at sufficiently high λ. Equation (32) can also be rewritten in terms of Γ BE with similar restrictions on the validity of the resulting equation:
Equations (39) and (40) Under certain conditions, Equation (38) reduces to the classical expression for blade-element thrust expressed in terms of a rather than w. Using Equation (22), and assuming azimuthal uniformity, Equation (38) becomes
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If p is constant across the wake, it follows from the analysis of a single helical vortex by Kawada (1936) and Hardin (1982) that
which, after substitution into Equation (41), gives the conventional thrust coefficient, C T , as
where the asymptotic form is commonly used in BET for any λ. The usual derivation of (43) assumes that there is no contribution from the pressure to the momentum balance in annular CVs, which is equivalent to assuming that the forces on blade elements can be evaluated independently. The present derivation of Equation (43) shows that a necessary condition for blade-element independence is constant p across the wake, which can occur even in the presence of radial pressure gradients.
Fortunately, a constant-p wake defines an optimal rotor, since an optimal rotor is expected to produce a rigid helicoidal wake 275 translating at constant speed (originally from Betz (1919) , as cited in Okulov and Sørensen (2008) ). However, this does not necessarily hold for sub-optimal operating conditions, for which performance evaluation remains practically necessary. One solution to this problem would be to modify u in Equation (43) This paper describes the application of the impulse formulation of Noca (1997) to determine the torque and thrust on a steadily rotating wind turbine in a steady, spatially uniform wind. The impulse analysis starts with the usual Reynolds transport theorem applied to the momentum equation for a finite CV and proceeds by removing the pressure. This has two major attractions for wind turbine analysis: (a) the resulting equation can be applied easily anywhere in the flow and (b) the role of the trailing vorticity becomes clear. We assume that the vorticity field is steady when viewed by an observer rotating with the blades, so 285 the vortex lines and streamlines are aligned in this frame. This alignment simplifies the contribution of the trailing vorticity to the thrust expression, and the resulting term can be interpreted as a contribution due to the rotation of the vortical wake.
By assuming the axial velocity to be continuous across the rotor, we also assume that the blade forces are generated entirely by vorticity, so that, for example, the viscous drag of the elements is ignored. We consider the thrust equation both for the whole rotor and for the individual blade elements. The equation for the latter shows that the radial velocity must have the same 290 magnitude as the axial induction factor over at least some of the wake and exceeds the factor in the external flow.
Probably the most significant result of the present analysis is for the differential form of the thrust equation for the blade elements comprising the rotor: 
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Only the last is not straightforward. Consider a new CV bounded by the streamsurface passing through the rotor at radius x BE and extending to R CV as before. This CV is outside V 1 used in Section 5. There is no thrust and the impulse thrust equation
where x 0,BE is the radius in the undisturbed upwind flow of the streamsurface passing through x BE . The last integrand is 320 evaluated along the streamsurface and must be positive, as must its integral which also gives the non-zero axial component of the pressure acting on the streamsurface. Therefore, the area integral of v 2 − a 2 is not zero over the wake; S D must extend to R CV 1 for (34) to hold. Applying (A1) to the upper and lower surfaces of the streamtube, and combining the result with the other three contributions to dT , all terms in a and v cancel to recover our main result, Equation (38).
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